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1. Introdution
One of the most well-known salar tensor theories is the Brans-Dike one [1℄ developed
in the sixties. This interest was motivated by the fat that it is able to reonile a
relativisti theory of gravitation with the ideas of Mah. It introdued the ideas of
a gravitational oupling funtion, G, varying as the inverse of the salar eld φ and
thus depending on the time[2℄ and of a oupling onstant, ω, between the salar eld
and the metri funtions. With the disovery of ination by Guth [3℄ in the eighties
allowing explaining why the Universe ould be so at or so isotropi, the interest for the
salar tensor theories has inreased and found new justiations. Ination ould have
been reently deteted with the supernovae of type IA[4, 5℄ and is often interpreted
as the presene of a osmologial onstant Λ in the eld equations. In the same time,
physial partile progress have shown the importane of massive salar eld or varying
gravitational funtions. As instane the gravitational and the Brans-Dike oupling
funtions of the low energy eetive string ation are exponential laws of φ. Moreover,
uniation theories predit a osmologial onstant larger than the presently observed
value. One way to solve this osmologial onstant problem ould be to onsider a
varying potential instead of a onstant one. Thus the onnetion between partile
physis and osmology enourage us to onsider salar-tensor theories more general
than the Brans-Dike one. The Lagrangian of the Hyperextended Salar Tensor theories
(HST) seems to be suited to take into aount this need for generality sine it is written
with a gravitational funtion G(φ) and a Brans-Dike oupling funtion ω(φ). It is why
we have hosen to study it when a potential U(φ) and a perfet uid are presents.
The HST thus dened has then 3 undetermined funtions. This is an advantage
and a drawbak at the same time. The advantage omes from the fat that any
result we will obtain from this theory will be very general and ould be applied to
a large number of salar tensor theories simply by assuming some speial forms for G
and ω. As instane, General Relativity with a salar eld is obtained with G = G0
and Brans-Dike theory for G−1 = φ and ω = ω0. The drawbak is that there are
few indies indiating us what should be the physially interesting forms of the three
undetermined funtions depending on the salar eld. We an try to determine some of
their harateristis from an observational point of view. Hene, in [6℄ it is shown how
from the observations, it ould be possible to determine the full Lagrangian and thus the
potential from the luminosity distane and the linear density perturbation in the dust
like matter as funtion of redshift. In [7℄, the onvergene toward General Relativity,
the presene of singularity or the dynamial evolution of the Universe at any time have
been studied depending on the form of ω. In [8℄, observation of the variation of the ne-
struture onstant is analysed, giving us restrition on the possible variation of G. We
an also leave the osmologial priniple, assuming an anisotropi Universe and looking
for the forms of the funtions allowing the isotropy[9℄. Considering the relations of this
theory with the partile physis, another possibility is to laim that the HST ould
respet some of its symmetries as Noether symmetries. This is the approah hosen in
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[10, 11℄ and that we will follow in this work. Our goal will be to look for the existene
onditions of a Noether symmetry for the HST in dierent physial (in the vauum (i.e.
with a non-massive salar eld), with a potential or with a perfet uid) and geometrial
(at open and losed Universe) ontexts. Lets note that a transformation of the salar
eld, G−1 = Φ allows to redue the number of the undetermined funtion from three
to two. The theory thus dened is named Generalised Salar Tensor theory (GST) and
has been studied from the same point of view in [10, 11℄. However, these results an
not be extended to HST by help of an inverse transformation and thus be related on
important theories as the eetive low energy string theory. The two lasses of theories
are physially equivalent but it is not possible to know the onstraint imposed by the
Noether symmetry on G, U and ω from these determined for the GST.
Lets explain the interest of the Noether symmetries§. Noether symmetries theorem
states that for every ontinuous symmetry of the laws of physis, there must exist a on-
servation law and reiproally for every onservation law, there must exist a ontinuous
symmetry. In this work, it will be studied via the approah of de Ritis et al [11℄ and
Capozziello et al [12℄. We will onsider a point Lagrangian L and a vetor eld χ. A
rst step is to nd the symmetry χ, dened by the Lie derivative ℓχL. The seond step
that we will not onsider in this paper, is to determine the onserved quantity Q that
an be found by omputing the Cartan one form θL =
∂L
∂a˙
da+ ∂L
∂φ˙
dφ, ontrating it with
χ to get Q = iχθL. Then, the alulus of Q an allow to solve exatly the eld equations
as shown in the previously quoted papers. Thus Noether symmetry is very important
in the searh for exat solutions of theories having partiular symmetries and onserved
quantities, helping the study of more general ones. However, note that reently, it has
been demonstrated that Noether symmetry ould, for some ases, not be onsistent with
dynamial equations and that other type of symmetries ould exist[13℄ indiating that
in the future we will have to proeed with are when we onsider the seond step.
The geometrial framework of this study will be the FLRW models. It would
be more logial to onsider an anisotropi and inhomogeneous model more qualied to
desribe the geometry of the early Universe where partile physis naturally takes plae.
However, it does not exist a full lassiation of these geometries ontrary to the FLRW
or Bianhi models. The relative simpliity of the FLRW models will allow us to study
the Noether symmetries for a whole lass of geometrial models and thus we will be able
to make omparisons between eah of them.
The plane of this paper is the following: in the setion 2, we look for the onditions
allowing a Noether symmetry for the HST in the FLRW models. We disuss our results
and onlude in the setion 3.
§ Exellent tutorial from professors C. T. Hill and L. M. Lederman an be found on that subjet in
www.emmynoether.om.
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2. Noether symmetry of the FLRW
We use the following form of the metri desribing an isotropi and homogeneous
Universe:
ds2 = −dt2 + a2dΩ (1)
a being the sale fator. The Lagrangian of the HST with a potential and a perfet uid
is written:
L =
[
G(φ)−1R + ωφ−1φ,µφ
,µ − U
]√−g + Lm (2)
G being the gravitational oupling funtion, ω the Brans-Dike oupling funtion, U
the potential, φ the salar eld from whih depends on previous quantities and Lm the
Lagrangian orresponding to a perfet uid with equation of state p = (δ − 1)ρ. Using
the fat that
∫
✷G−1
√−g = 0, the point Lagrangian for the FLRW models is written:
L = −6G−1aa˙2−6G−1φ a2a˙φ˙+ωa3φ−1φ˙2+6kaG−1−a3U+ρ0(γ−1)a3(1−γ)(3)
To nd the onditions for Noether symmetry, we will follow the approah of de Ritis et
al [11℄ and Capozziello et al [12℄. We will onsider the onguration spae E = (a, φ)
whose orresponding tangent spae is TE = (a, a˙, φ, φ˙). The vetor eld X generating
the symmetry is then:
X = α
∂
∂a
+ χ
∂
∂φ
+ α˙
∂
∂a˙
+ χ˙
∂
∂φ˙
(4)
where α and χ are some funtions of a and φ. The existene of a Noether symmetry
indues the existene of the vetors eld X suh that ℓXL = 0, ℓX being the Lie
derivative with respet to X . The meaning of this equation is that L is onstant along
the ow generated by X . We dedue from it a seond-degree expression for a˙ and φ˙
whose oeients only depend on a and φ and have to vanish.
2.1. Vauum model
Applying the priniple desribed above, we get the following equations when no potential
or perfet uid is present:
k(G−1α + (G−1)φaχ) = 0 (5)
G−1α + (G−1)φaχ + 2G
−1a
∂α
∂a
+ (G−1)φa
2∂χ
∂a
= 0 (6)
3ωα− ωφ−1aχ− 6φ(G−1)φ∂α
∂φ
+ 2ωa
∂χ
∂φ
+ ωφaχ = 0 (7)
6(G−1)φα + 3(G
−1)φφaχ+ 3(G
−1)φa
∂α
∂a
+ 6G−1
∂α
∂φ
− ωφ−1a2∂χ
∂a
+ 3(G−1)φa
∂χ
∂φ
= 0(8)
They are the same as these of [10℄ when we hoose G−1 = φ. We are going to examine
suessively the ase of urved and at models.
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2.1.1. k 6= 0 Following the methods of [10℄, from the previous equations system, it
should be possible to determine a relation between ω and G neessary for the existene
of a symmetry and the forms of α and χ determining the vetor eld generating it.
Starting from (5), we dedue that α = −G(G−1)φaχ. Then, putting this quantity in (6)
and integrating, we get:
χ = n(φ)a−2 (9)
α = − n(φ)G(G−1)φa−1 (10)
with n(φ) a funtion of the salar eld that we have to determine. We introdue these
expressions in (7) and we get the relation we are looking for between ω and G:
ω = 3ω0φ(G
−1)2φG(G
−2 − 2ω0)−1 (11)
ω0 being an integration onstant. To obtain n(φ), we replae ω in (8) by this last
expression. We nd that:
n(φ) = n0(2ω0 −G−2)(G−1)−1φ (12)
n0 being an integration onstant. We onlude that in the vauum ase and for a urved
FLRW model, a HST whose Brans-Dike oupling funtion is linked to the gravitational
funtion by the relation (11) has a Noether symmetry generated by a vetors eld X
dened by (12) and (9). These relations generalise these found in the ase of GST in [10℄.
2.1.2. k = 0 The equation (5) vanishes and then we have 4 undetermined quantities
(the partial derivatives of α and χ) and three equations. To nd some solutions, we
assume that α and χ an be written with separating variables as suessfully done in
[10℄ in the ase of GST and we dene α = α1(a)α2(φ) and χ = χ1(a)χ2(φ). Introduing
these expressions in (6), we nd that it will be satised if α2 = mG(G
−1)φχ2, m being a
onstant. Then we do the same thing with (7) and see that we must have χ1 = na
−1α1.
Introduing these expressions for α2 and χ1 in the equations (6-8), we dedue from the
two rst ones the expressions for α−11 dα1/da and χ
−1
2 dχ2/dφ that we use in the last
equations. We get the following relation that have to be satised between ω and G:
ω = φG(G−1φ )
2 6mω0(m+ n)G
3m/n+1 − 3
n2ω0G3m/n+1 + 2
(13)
So that α and χ be determined we alulate that:
α1 = α10a
−m(2m+n)−1
(14)
χ2 = χ20(G
−1)−1φ G
m(3m+2n)
n(2m+n) (n2ω0 + 2G
−3m/n−1)1/2 (15)
α10 and χ20 being integration onstants. Consequently a HST whose gravitational fun-
tion and Brans-Dike oupling funtions are linked by the relation (13) have a Noether
symmetry generated by the vetors eld dened by α1, α2, χ1 and χ2.
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2.2. HST with potential
When we onsider a potential, only the rst equation of (5-8) hanges and is written:
6kG−1α− 3a2Uα + 6kaχ(G−1)φ − a3χUφ = 0 (16)
Let's onsider a model with and without urvature.
2.2.1. k 6= 0 Using the same method as in setion 2.1, we express α with (16) and put
its expression in (6) to determine this of χ. It omes:
χ = n(φ)(2kG−1−a2U)[3a2U(G−1)φ+G−1(6k(G−1)φ−2a2Uφ)℄
−3U(G−1)φ+3UφG
−1
6U(G−1)φ−4UφG
−1
a−2(17)
n(φ) being a funtion depending on the salar eld. If we Introdue the forms of α and
χ in (7) we get a dierential equation for n(φ) whih is written with 3 dierent powers
of a and logarithm of an expression of a and φ. This equation having to vanish, the
oeient of the logarithmi expression has to be equal to zero. This is only possible
if the power of the expression for χ is a onstant F0, i.e. when U = U0G
−
3(1+2F0)
3+4F0
, U0
being an integration onstant. In the same way the oeient of the powers of a have
to be equal to zero thus dening a system of 3 equations whose the only solution is the
General Relativity with G = G0 and ω = 0. However, for this theory χ is undetermined
and thus we onlude that for a massive HST in a urved Universe, there is no Noether
symmetry. As shown in [13℄, it does not mean that there is no symmetry at all, and
then onserved quantities, but only for the speial one we have onsidered and whih
belongs to the lass of point symmetries[11℄.
2.2.2. k = 0 Contrary to what happens for the vauum ase, the equation (5) is not
identially zero but is written:
3Uα + aχUφ = 0 (18)
It follows that we have not to assume a variable separation for α and χ. From this last
equation, we dedue:
α = 1/3aχU−1Uφ (19)
We introdue this result in (6) and derive χ:
χ = n(φ)a
3(U(G−1)φ−G
−1Uφ)
−3U(G−1)φ+2G
−1Uφ
(20)
n(φ) being a funtion of the salar eld. In the equation (8), we replae α and
χ by their forms above thus getting a dierential equations for n(φ). Its form is
F1(φ)nφ + F2(φ) + F3(φ)ln(a) = 0. To satisfy it, it is neessary that F3 = 0 thus
implying U = U0G
−p
with p a onstant or G = G0, whih orresponds to General
Relativity with a massive salar eld. This two ases allow independently that F3 = 0
and are independents eah others sine in the seond one, their is no onstraint between
G and U . We examine suessively these two ases.
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When U = U0G
−p
, we get an expression for nφ from (8). Introduing α, χ and nφ in
the equation (7), we get the following relation between G and ω:
ω =
φ [−3 + 2p(3− p)ω0G−p+1] (G−1)2φ
2G−1 − 3ω0G−p (21)
ω0 being an integration onstant. Using this last expression, we derive the exat form
of n:
n = n0G
p(−6p2+p+3)
2(p−1)(3+2p)2 (2G−1 − 3ω0G−p)
(1+p)(3−2p)2
2(p−1)(3+2p)2
(22)
n0 being an integration onstant. Consequently a massive HST whose potential is
proportional to a power of the gravitation funtion whih itself depends on the Brans-
Dike oupling funtion by the relation (21) have a Noether symmetry generated by a
vetors eld X determined by the relations (19-22).
If we onsider the General Relativity, a Noether symmetry only exists in presene of a
osmologial onstant. However χ is not determined and thus there is no symmetry.
When G = G0, we alulate from the equations (7) and (8) that a Noether symmetry
will exist if:
ω =
2φ(Uφ)
2
G0(ω0 + 3U)U
(23)
Then, from (23), we derive the form of n:
n = n0U(ω0 + 3U)
1/2(Uφ)
−1
(24)
Thus a Noether symmetry an exist for General Relativity with a massive salar eld
dierent of a onstant in a at Universe if the relation (23) between the potential and
the Brans-Dike oupling funtion is satised and is generated by a vetor elds X de-
ned by (19), (20) et (24).
2.3. HST with a perfet uid
The term representing a perfet uid with an equation of state p = (γ − 1)ρ in the
Lagrangian is ρ0(γ − 1)a3(1−γ). One again, only the equation (5) is modied and
written:
2kG−1α + 2akχ(G−1)φ − ρ0(γ − 1)2a2−3γα (25)
We dedue from it an expression for α:
α = −2akχ(G−1)φ(2kG−1 − ρ0(γ − 1)2a2−3γ)−1 (26)
that we introdue in (6). Then, we get for χ:
χ = n(φ)a
4−3γ
−2+3γ
[
(γ − 1)2ρ0a2 − 2ka3γG−1
] [
(γ − 1)2ρ0a2 + 2ka3γG−1
] 1−3γ
−2+3γ
(27)
n(φ) being a funtion depending on the salar eld. We alulate it by using the
expressions for α and χ in (8). To this end, we onsider three values of γ, 1, 0 and
4/3 orresponding respetively to a dust dominated, vauum energy dominated and
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radiation dominated Universe. In the rst ase, the equation (25) takes the same form
as in the vauum and thus the results are the same as these of setion 2.1. In what
follows, we will onsider only the two last ones.
2.3.1. k 6= 0 When γ = 0 or γ = 4/3, if we introdue the expressions for α and χ
in the equation (8), we get a polynomial expression for a whose oeients have to be
zero. It orresponds to a system of 3 equations with 3 unknowns G, ω and n that we
have to determined.
When the Universe is vauum dominated, the only possible solution orresponds to
General Relativity or n = 0 but one again χ is undetermined and a Noether symmetry
does not exist.
When the Universe is radiation dominated, the equations are satised if:
n = n0
√
G−1(G−1)−1φ (28)
ω = −3/2ω0φG(G−1)2φ (29)
Thus, the HST with a perfet radiative uid an have a Noether symmetry if this rela-
tion between the gravitational oupling funtion and the Brans-Dike oupling funtion
is satised. It is generated by the vetors eld X dened by (26-28).
2.3.2. k = 0 For a at Universe, the equation (25) shows that α = 0. Then we an
alulate that χ = n(φ)a−1 whatever γ 6= 1 with:
n(φ) = n0
√
ω0 − 2G−1(G−1)φ (30)
ω = 3φ(G−1)2φ(ω0 − 2G−1)−1 (31)
It follows that for a at model with a perfet uid, the HST admit a Noether symmetry
when the equation (31) is satised. It is then generated by the vetors eld X dened
by (26), (27) and (30).
3. Disussion
In this work, we have studied the Noether symmetries of the HST for the FLRW mod-
els in vauum, with a massive potential or with a perfet uid. Our results onsist in
the determination of onditions allowing the existene of symmetry. They are relations
between the funtions G, ω or U , onditions on their forms or on the type of geometry.
Moreover, for eah ase, we have determined the vetors eld X generating the symme-
try.
When we onsider a HST without any potential or perfet uid, for a urved or at
geometry, a Noether symmetry will exist if respetively the relations (11) or (13) are re-
speted between the gravitational and Brans-Dike oupling funtions. They generalise
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these found in [11℄.
When we onsider a potential, a symmetry an only exist for a at Universe. The po-
tential have to be proportional to a power of the gravitational oupling funtion or the
theory to orrespond to the General Relativity with a massive salar eld dierent from
a osmologial onstant. Respetively, a relation between ω and G dened by (21) or ω
and U dened by (23) have to be satised.
When we onsider a perfet uid, for a dust dominated Universe the results are the
same as these of the vauum ase. For a urved Universe, if the Universe is vauum
energy dominated, the symmetry does not exist. If it is radiation dominated, a relation
between ω and G dened by (29) have to be respeted. For the existene of a Noether
symmetry for a at Universe and for any type of matter, the relation that is imposed
by the symmetry is given by (31). These results are summarised in the table 1. For
eah of these ases, we have alulated all the elements allowing the determination of
the vetors eld X generating the Noether symmetry.
Lets disuss about interesting theories. Whatever the relation existing between G,
ω and U for the symmetry existene, the General Relativity dened by G = G0 and
ω = 0 with or without a osmologial onstant always respets it. However, in this ase,
the quantity χ is never dened and the General Relativity has no symmetry as onlude
in [14℄. The only ase for whih General Relativity admits a Noether symmetry is in
presene of a massive salar eld, the potential being dierent from a osmologial on-
stant, in a at Universe. Therefore, we reover and generalise the result of [11℄ whih
orresponds to the theory dened by ω = φ, and then to an exponential potential.
If we onsider a GST dened by G−1 = φ, in the vauum ase, the only GST admit-
ting a Noether theory is dened by ω = 3mω0(φ
2 − 2ω0)−1 for a urved Universe and
ω =
[
−3 + 6mω0(m+ n)φ−3m/n−1
]
(2 + n2ω0φ
−3m/n−1)−1 for a at Universe as it has
been shown in [10℄ where the dynamis of these two theories are studied. If we on-
sider a potential in a at Universe, we note that its only form allowing a symmetry is
a power law of the salar eld. Then, the Brans-Dike oupling funtion have to be
ω = [−3 + 2p(3− p)ω0φp−1] (2− 3ω0φp−1)−1. It is interesting to note that it is the same
form as this of the GST in the empty. If we onsider the presene of a radiative uid,
the Brans-Dike theory is the only GST allowing a symmetry for a Universe with a
urvature.
If we onsider a theory whose gravitational funtion is dened by e−φ and orrespond-
ing to the form usually used for the eetive string theory ation at low energy, we
remark that for a at Universe the only type of potential allowing a symmetry will
be an exponential law of the salar eld. The Brans-Dike oupling funtion is then
ω = φe−φ
[
3 + 2pω0(p− 3)e(p−1)φ
]
(−2 + 3ω0e(p−1)φ)−1 and is quite dierent from the ω
usually used for this type of theory although it asymptotially tends toward it.
In a general way, we note that the type of geometry favouring a Noether symmetry
is rather a at one. To our knowledge, suh an attempt to draw up a omplete list of
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the HST, in various physial and geometrial ontexts, admitting a Noether symmetry,
does not exist in the literature. A next step will be to look for onserved quantities and
then to try to determine the main dynamial harateristis of lasses of models thus
dened as it has been done for the speial ases of GST in [10℄. Here, sine our goal was
to nd the onditions for the existene of Noether symmetries, we have not undertaken
this task that will be probably too large for a single artile. Another possible extension
will be to onsider Bianhi models.
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Table 1. Classiation of the Hyperextended Salar Tensor theories admitting a
Noether symmetry.
k 6= 0 k = 0
Empty ω = 3ω0φ(G
−1)2φG(G
−2 − 2ω0)−1 ω =
[
−3 + 6mω0φ−3m/n−1(m+ n)
]
(2 + n2ω0φ
−3m/n−1)−1
Potential No symmetry If U = U0G
−p
, ω =
φ[−3+(6−2p)pω0G−p+1](G−1)2φ
2G−1−3ω0G−p
If G = G0, ω =
2φ(Uφ)
2
G0(ω0+3U)U
Dust: γ = 1 Same as for empty Same as for empty
Vauum: γ = 0 No symmetry ω = 3φ(G−1)2φ(ω0 − 2G−1)−1
Radiation: γ = 4/3 ω = −3/2ω0φG(G−1)2φ ω = 3φ(G−1)2φ(ω0 − 2G−1)−1
